Philosophy of Language: Wittgenstein
Prof. Boedeker
Frege on functions

Much of Frege’s way of understanding the meaning of words is a generalization from the concept of a function in algebra.

1. In algebra, a function is a correlation of certain numbers – the independent variables, or arguments of the function – with certain (other) numbers – the dependent variables, or value of the function for the argument.  For example, the following is the expression of a function:

“(2 + 3x2)x”.

In this expression of a function, the variable “x” indicates an argument-place.  The function establishes the following correlation between arguments and values:

Argument {x}
value of function

0

0

1

5

2

28

3

87

2. In algebra, functions can also correlate more than one argument with a value.  For example, the function expressed by “x + y” establishes the following correlation:

Arguments {x, y}
value of function

0, 0


0

0, 1


1

1, 0


1

1, 1


2

1, 2


3

2, 1


3

2, 2


4

3. Frege extends the concept of a function beyond its use in algebra.  Whereas in algebra both the arguments and values of functions are numbers, Frege points out that we can also conceive of functions whose arguments are numbers but whose values are truth-values: either the True or the False.  For example, the function expressed by “x2 = 4” establishes the following correlation:

Argument {x}
value of function

0

the False

1

the False

2

the True

3

the False

…

-1

the False

-2

the True

-3

the False

[Tractatus flag: Although Wittgenstein in the Tractatus will agree with Frege that propositions are functions of arguments (4.24, 3.318), he will deny that the value of a function for an argument is a truth-value – or any other kind of object.  Instead it is a sense of the proposition that results from filling in argument-places with arguments, i.e., the possible conditions in reality under which a proposition would be true or false.  Similarly, he distinguished between proper functions (that aren’t the result of operations) from truth-functions (which are the result of operations, and can apply to their results).]

4. Frege next extends the concept of a function beyond algebra altogether, pointing out that we can conceive of functions whose arguments are any sort of object, and whose values are truth-values (either the True or the False).  For example, the function expressed by “x was married to y in 2000” establishes the following correlation:

Arguments {x, y}
value of function

(inputs of functions)
(outputs of functions)

Bill, Al

the False

Bill, Tipper

the False

Bill, Hillary

the True

Bill, Monica

the False

Al, Bill

the False

Al, Tipper

the True

Al, Hillary

the False

Al, Monica

the False

Crucially, for Frege, a concept just is a truth-function: something that maps objects onto truth-values.

Thus to understand a concept is just to understand:

· how many “places” it has, which we’ll call n
and

· what the truth-value is for each ordered n-tuple of objects.
5. From this expansion of the concept of a function, Frege makes the following metaphysical conclusions.  

- The universe contains just two kinds of entities: 

(A) functions, which by themselves are unsaturated, or in need of completion (a function becomes saturated only when filled by the proper number of arguments); and

(B) objects, which are saturated, i.e., complete by themselves.

- There are, in turn, just two kinds of objects:

(B1) arguments of functions; and

(B2) truth-values, which are what results when the proper number of arguments saturates a function.

- Finally, there are just two truth-values:

(B1a) the True, i.e., the reference (or denotation) of all true sentences; and

(B1b) the False, i.e., the reference (or denotation) of all false sentences.

6. By understanding ordinary propositions as functions mapping arguments onto truth-values, Frege, for virtually the first time in the history of philosophy, has challenged the traditional notions that every judgment really has just one subject and one predicate, and that both subject and predicate have the same logical function: to be a concept that has a set of objects as its extension.  Frege has pointed out several things:

· We can understood the meaning of an expression only if we look not at it in isolation, but at the role it plays in the context of a proposition.  (This has been called Frege’s context principle.)

· What have traditionally been called “subject” and “predicate” really have very different logical roles in the context of a proposition.

· What is traditionally called the “subject” does not express a concept, but rather serves to designate a single object.

· What is traditionally called the “predicate” is really a function that serves to map each possible subject (taken as the argument of the function) onto a truth-value.

· Since functions can map more than one object onto a truth-value, a single proposition can have more than one argument, or “subject”.  Thus it is not the case, as has been traditionally assumed since Aristotle, that all propositions merely assert a predicate of some subject.  Some propositions assert that a relation holds among several objects. 

· For Frege, both concepts (holding of one object at a time, such as “x is a horse”) and relations (holding of more than one object at a time, such as “x is taller than y”) are functions of arguments onto truth-values.

7. Since Frege conceives of truth-values as objects, he holds that truth-values themselves can be the arguments of functions.  Indeed, there are special functions – called truth-functions – that have truth-values as both their arguments and their values.  Truth-functions are propositions that depend for their truth-values just on the truth-values of their arguments.

One such truth-function is negation.  Negation establishes the following correlation between the truth-value of a proposition (taken as argument of the truth-function) and the truth-value of its negation (taken as the value of the truth-function):

p
not-p (= ~p)

T
F

F
T

[Tractatus flag: Just as Wittgenstein denies Frege’s claim that the value of a function is a truth-value, he (and Russell; cf. Principia Mathematica, p. 8) also deny Frege’s claim that the arguments of truth-functions are truth-values (4.431) – or any other kind of object.  Instead, the arguments – what Wittgenstein calls “truth-arguments” – of truth-functions are propositions (5.01; cf. 5.2341).  In fact, Wittgenstein will draw a distinction between proper functions, whose arguments are names (that refer to objects); and truth-functions, which are the result of applying truth-operations to propositions (taken as bases, or “truth-arguments”) (5.25-5.251).]

Another truth-function is conjunction (also called “logical product”), which establishes the following correlation between the truth-values of two propositions (taken as arguments) and the truth-value of the conjunction (taken as the value of the truth-function):

p, q
p and q (= p . q)

T, T
    T

T, F
    T

F, T
    T

F, F
    F    

Still other truth-function are disjunction (also called “logical sum”), implication (also called the “conditionality”) and biconditionality, which establish the following correlations between the truth-values of propositions:

Disjunction:


Implication:



Biconditionality:

p,  q
p or q (= p ( q)
p,  q
If p, then q (= p ( q)

p,  q 
p if and only if q (= p ( q)

T, T
   T


T, T

T


T, T

T

T, F
   T


T, F 

F


T, F

F

F, T
   T


F, T

T


F, T

F

F, F
   F  


F, F

T


F, F

T

8. Finally, we can now see some payoff from this theorizing.  We now have a way of understanding inference.  Inference is a matter of reasoning deductively from the truth of some propositions (called the “premises”) to the truth of another proposition (called the “conclusion”).  

Take the proposition “If it rains, then the streets are wet”, and the proposition “It rains”.  If both of these propositions are true, then the proposition “The streets are wet” must be true.  This can be seen from the truth-function of implication.  Let us use the following scheme of abbreviation:

p = It rains.

q = The streets get wet.

Looking at the table for the truth-function of implication, we can see that the first row is the only one in which both “p” and “If p, then q” is true.  In this row, “q” is also true.  Thus the truth of “If it rains, then the streets are wet” and “It rains” licenses the inference to the truth of “The streets are wet”.

Exercise: 

Show how the truth-function of implication also licenses the inference from “If it rains, then the streets are wet” and “The streets are not wet” to “It does not rain”.

For another example, take the proposition “Joe drank coffee or Joe drank tea” and “Joe did not drink coffee”.  If both of these propositions are true, then the proposition “Joe drank tea” must be true.  This can be seen from the truth-function of disjunction.  Let us use the following scheme of abbreviation:

p = Joe drank coffee.

q = Joe drank tea.

Looking at the table for the truth-function of disjunction, we can see that the third row is the only one in which both “p” is false, but “p or q” is true.  Thus the truth of “Joe drank coffee or Joe drank tea” and “Joe did not drink coffee” licenses the inference to the truth of “Joe drank tea”.
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The judgment-stroke, when placed in front of an expression, asserts (either correctly or falsely) that the expression’s Bedeutung is identical with the true.  

Frege’s undefended assumptions about language:

1. All signs of a proper logical language (although by no means necessarily ordinary language) get their meaning by referring to something: their Bedeutung; i.e., the meaning of all signs in a logically adequate language is referential.  (See Locke’s first explicit thesis about language.)

2. Not only do the component signs of a logically adequate language get their meaning by referring to things, but the complete propositional signs do as well.  Propositional signs are complex names; their referents are either the True or the False.  (They are objects.)  One advantage of the Begriffsschrift is that all of its propositional signs do refer to either the true or the false; none are nonsensical.

3. Now since Frege thought that propositional signs of the Begriffsschrift refer, he (rightly, given this assumption) inferred that they do not yet make an assertion, or judgment.  Rather, they are just complicated names.  In order to circumvent this difficulty, he envisioned judgment as the assertion that x is identical to the true.  Only such assertions actually say something, as opposed to just naming something.  Some judgments are true and some false.  Thus judgment is really not just the assertion of identity, but identity to a special object: the True.  Note that this solution would become unnecessary if propositions aren’t (as Frege assumes) names.

One difficulty with (1) and (2) above is that Frege really has no explanation for just why the result of saturating a function gives you just the True or the False: why not a filled donut?  Why are functions such special entities that this happens to them?

Wittgenstein rejects 1, 2, and is thus entitled to reject 3.

His alternative theory of meaning is that the meaning of any sign is just the contribution it makes to the sense of the propositional signs in which it occurs.  This sense is just the conditions under which the proposition is true or false.

This frees up Wittgenstein to deny that propositions have a Bedeutung (only the simple constituents of a logically adequate sign-language have a Bedeutung).  It also frees him up to deny that functions get their meaning by referring.  Only names do this, and only (according to Wittgenstein’s definition of the meaning of expressions) in the context of a proposition.
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